Journal of Mathematical Sciences: Advances and Applications
Volume 1, Number 1, 2008, Pages 69-90

RECENT PROGRESS ON MATRIX COMPLETION
PROBLEMS

GLORIA CRAVO

Departamento de Matematica e Engenharias
Universidade da Madeira

9000-390 Funchal

Madeira, Portugal

e-mail: gcravo@uma.pt

Abstract

Matrix Completion Problems are an important branch of research on
Matrix Theory. In the last decades, many authors have studied this type
of questions. In this paper we mention the most important results
available in the literature, concerning the prescription of the
characteristic polynomial of a square matrix partitioned into 2 x 2
blocks, when some of its blocks are fixed and the others vary. We still
present our contribution in this area. In general, the solution of this type
of problems contemplates necessary and sufficient conditions with an
expected form (involving the interlacing inequalities for the invariant
factors). However, in a particular case, we show that the “expected”
condition is not necessary. For that purpose let us consider

n, pi, P2, p3 be positive integers such that n = p; + pg + pg and let

C =[C; jle F™" be a partitioned matrix, where the blocks C; j e
FPPj e {1,2,3}. Let f be a monic polynomial of degree n and
suppose that the blocks Cj 1, Cp 9, C31 are prescribed and the others

are free. Let (>L1|~~|0Lp1 be the invariant factors of the matrix pencil

[xI, - Cy1 - Cp 2] andlet By|---[Bp, be the invariant factors of
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In this paper we show that the following divisibility condition

0 Opy—paP1 By —py|

is not a necessary condition for the existence of a matrix C with
prescribed form and prescribed characteristic polynomial f.

1. Introduction

In the last decades, many authors have studied a particular case of

the Matrix Inverse Problems, the so-called Matrix Completion Problems.

The inverse problems arise in a variety of situations in our lives and
their nature consists in deducing a cause from an effect. In general, an
inverse problem can be described as a problem where the answer is
known, but not the question. For example, it can be calculated easily how
long it will take to boil a given quantity of water. Now suppose we know
how long a liquid takes to boil, can we identify the liquid? This is an
inverse problem. It should be pointed out that this problem becomes more
complex, since it is possible that different liquids share the same specific
heat capacity.

A special class of inverse problems, are the Inverse Eigenvalue
Problems. It seems that the research on Inverse Eigenvalue Problems
began in 1933, with the work of Krein [14] with applications to
mechanics.

A general goal in such type of questions, is to establish necessary and
sufficient conditions under which it is possible to describe the eigenvalues
of the required matrix. The proof of these conditions can be very hard.

As an example we will refer to an old and “classic” problem, proposed
in 1949 by Suleimanova [28]. The author had the purpose of describing
the possible eigenvalues of a positive stochastic matrix. The partial
answer obtained by the author is presented in the following result.

Theorem 1 [28]. Let F be the field of real numbers. Let cq, ..., ¢,, € F
such that ¢} =1, |cj| <1, for all je{2, .., n}. If the sum of all
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lcjl, j € {2, ..., n} over those c;j <0 is less than 1, then there exists an
n x n positive stochastic matrix with eigenvalues cy, ..., ¢,. If all ¢; <0,
j €12, ..., n} the condition is also necessary.

We believe that this Theorem is one of the earliest results in Inverse
Eigenvalue Problems. The complete answer to the previous problem is not

yet found.

More generally, the Matrix Inverse Problems (which includes the
Inverse Eigenvalue Problems) consist in studying the existence of a
matrix (or a combination of matrices) satisfying certain properties. They
arose from a remarkable variety of applications into many areas,
including systems and control theory, control design, geophysics, particle
physics, circuit theory, and so on. In particular, the Matrix Completion
Problems, a subclass of the Matrix Inverse Problems, consist in studying
the possibility to “complete” a matrix, when some of its entries are
prescribed (i.e., are fixed), such that the resulting matrix satisfies certain
properties. In this context “to complete” means to attribute values to the
remaining entries. Basically, the structure of the Matrix Completion
Problems is the following: given a matrix and a part of the given matrix
(as a submatrix, some entries, so on) the aim of these problems is to
describe conditions for which we can fill the unknown entries, such that

the resulting matrix satisfies the required properties.
2. Background

In this section we will introduce some notation and background

needed for the rest of the paper.
Let F be a field.

The ring of the polynomials in the indeterminate x, with coefficients
in F, is denoted by F|[x].

If f(x) e F[x], the degree of f(x) is denoted by deg(f(x)). Make
convention that deg(0) = —ox.
Let D = F or D = F[x] and let m, n be positive integers. We denote

by D™ the set of all matrices in D of type m x n, i.e., with m rows and
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n columns.

If A € D™ we denote by tr A its trace.

The symbol | is used in the following way: if f(x), g(x) € F[x], then
f(x)| g(x) means “f(x) divides g(x)”.

Now we present some definitions and results that can be found in
many books on Linear Algebra, see for example [10, 12, 13, 15, 16, 18].

Definition 2. Let p(x), g(x) € F[x]. The polynomials p(x) and g(x)

are associates in F[x] if p(x)|g(x) and q(x)| p(x).

Remark 1. In the previous conditions the polynomials p(x) and g(x)
are associates in F[x] if and only if there exists u € F\{0} such that
q(x) = up(x).

The relation “to be associate” is an equivalence relation on F[x].

Let R be the set of all monic polynomials and the zero polynomial.
This set R i1s a representative set for the equivalence classes for this
relation and it is closed for the product.

Definition 3. Let A(x) e F[x]™". The greatest common divisor
chosen in R, of the determinants of the submatrices of size k x k of A(x),
k € {1, ..., min{m, n}} is denoted by dj(x). If k < rank A(x), we say
that dj(x) is the k-th determinantal divisor of A(x). Make convention
that dp(x) = 1.

It is known that if A(x) € F[x]™" and rank A(x) = r, then

(1) dp(x) # 0 if and only if & < r;

1) djp_1(x)|dp(x), ke 1, ..., r}.

Definition 4. The k-th invariant factor of A(x) is the element

i (x) = d‘z’ﬁi), kel .. rank A(x)l,

with the convention that ig(x) = 1.
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Note that according to the previous definitions, the determinantal

divisors and the invariant factors of the matrix A(x) are monic

polynomials.

It is known that i;_;(x)|i,(x), k € {1, ..., rank A(x)}.

It is also known that, if A(x), B(x) e F[x]™" are equivalent
matrices, then A(x) and B(x) have the same determinantal divisors and
the same invariant factors.

The following theorem describes a canonical form for the polynomial

matrices equivalence and it is known as The Smith Normal Form.

Theorem 5. Let A(x) e F[x]"". Then A(x) is equivalent to a

unique matrix of the form

{diag(il(x()), e ir(r))Ig}

where r = rank A(x),i(x),...i,(x) are monic polynomials and ij(x)|ij,
(x), je{l,..,r=1}. The elements 1§ (x), ..., i.(x) are the invariant
factors of A(x).

As a consequence of this theorem it follows that:

(i) A(x), B(x) € F[x]™" are equivalent if and only if they have the

same invariant factors.

(i) A(x), B(x) € F[x]™" are equivalent if and only if they have the
same determinantal divisors.

Let Fbe a field and let A € F™™,

The polynomial matrix xI,, — A is called the characteristic matrix of

A and its determinant is called the characteristic polynomial of A.

The invariant factors of «xI,, — A are called the invariant

polynomials of A.
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Note that the matrix xI,, — A has rank m, since its determinant is

different from zero. Consequently A has m invariant polynomials,
fr (@) | fim ().

It is also known that the characteristic polynomial of a matrix

A e F™™ is equal to the product of its invariant polynomials.

Remark 2. A, B € F™™ are similar matrices in F if and only if

they have the same invariant polynomials.

Let A € F™. The following result is known as the Natural Form of

A.

Theorem 6. Let A e F™™ and fi(x), ..., f,(x) € F[x] be monic
polynomials, different from 1, such that fi(x)|---|f.(x). Then A is similar

to

Ch)® - C(f)
if and only if fi(x), ..., fr(x) are the nonconstant invariant polynomials of
A.

3. Matrix Completion Problems

An important question in Matrix Completion Problems, was proposed
by Oliveira [20].

Problem [20]. Let F be a field. Let n, p, ¢ be positive integers such
that n = p + q. Let f(x) € F[x] be a monic polynomial of degree n. Let

A A
A~ { 1.1 1,2} o
Ag1 Az

be a partitioned matrix, where A; ; € FP*P, Ay 5 € F79. Suppose that

some of the blocks A; :, i, j € {1, 2}, are known. Under which conditions

E
does there exist a matrix of the form (1) with characteristic polynomial

fx)?
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Note that this problem gives rise to essentially seven distinct
problems, according to the prescription of some blocks of A:

(P;) Ay ; prescribed;

(Py) Ay o prescribed;

(P3) Ay ; and A; 5 prescribed;

(P4) Ay ; and Ay 5 prescribed;

(P5) Ay 5 and Ay prescribed;

(Pg) A1 1, A 9 and Ay o prescribed;
(P7) A;1, Ay 9 and Ay prescribed.

The complete answer to problem (P;), was established by Oliveira
[19].

Theorem 7 [19]. Let F be an arbitrary field. Let Ay, € FP*P and let
f(x) € Flx] be a monic polynomial of degree n. Let fi(x)|--|f,(x) be the
invariant polynomials of A;;. Then there exit Ay e FP*1, Ay, €
FTP Ay 5 € FT9 such that the matrix of the form (1) has characteristic
polynomial f(x) if and only if fi(x)--f,_q(x)|f(x). (Make convention
that fi(x)- fp_q(x) =1 if p—q <1).

Concerning problem (Py), Oliveira also presented the complete

answer in [20].

Theorem 8 [20]. Let F be an arbitrary field. Let Ay 3 € FP*? and let

f(x) € F[x] be a monic polynomial of degree n. If Ay o # 0, then there
exist Ay € FP*P, A9y € FUP, Ag 9 € FT*? such that the matrix of the
form (1) has characteristic polynomial f(x). If Ay 9 = 0, then there exist

Ay € FPPP Ay € FT"P, Ay 9 € F17 such that the matrix of the form
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(1) has characteristic polynomial f(x) if and only if f(x) has a divisor of
degree p.

In [30] Wimmer gave the complete answer to problem (P3).

Theorem 9 [30]. Let I be an arbitrary field. Let Ay ; € FP*P, A g

FP*? and let f(x) e F[x] be a monic polynomial of degree n. Let
f(x)| | fy(x) be the invariant factors of

[xI, —A;; - A ql (2

Then there exist Agy € FUP, Ay 9 € FU? such that the matrix of the

form (1) has characteristic polynomial f(x) if and only if

fi(x) - fp ()| ).

Problem (P,) has only some partial answers due to work developed

by Oliveira in [20, 22, 23] and Silva in [26]. The approach used by Silva
gives a complete answer for algebraically closed fields and provides a

complete description of the eigenvalues of (1), when A;;, Ag o are

prescribed. Note that the prescription of the characteristic polynomial is
more general because it includes the situation where the eigenvalues of

the matrix are outside of the field F. Clearly, if all the roots of f(x) are in

F, the description of the characteristic polynomial of a matrix of the form
(1) coincides with the study of the possible eigenvalues of (1). In
particular, if F' is an algebraically closed field, the previous problem
simply consists in studying the list of the eigenvalues of a matrix of the

form (1) for the correspondent prescription of blocks.

Theorem 10 [26]. Let F be an arbitrary field and let cq, ..., ¢, € F.
Let Ay; € FP*P and Ay g e FU1. Let fi(x)|--|f,(x) be the invariant
polynomials of Ay ;. Suppose that p > q. Then there exist A; 5 € FP1

and Ag € ATP sych that the matrix of the form (1) has eigenvalues

1, .- ¢ If and only if the following conditions are satisfied:

(a) tr Al,l + tr A272 =c +-+cy.
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®) If p > q, then fi(x)-- fr_q(x)[(x —c1)--(x = cp).
(c) One of the following conditions is satisfied:

(c1) At least one of the matrices A; 1, Ag o is nonscalar.

(cg) A1 =al, and Ay =0bl,, with a,be F, and there is a

permutation c of {1, 2, ..., n} such that:
(@) co(2i-1) + Co(2i) =@ +b for 1 <i<g;
(1) cq(j) = a for 2¢ < j < n.

As in the previous situation, when F' is an arbitrary field, problem
(P5) only has partial solutions, established by Oliveira in [21], Silva in

[25] and also by Marques and Silva in [17]. If F'is an algebraically closed
field, then from the following result obtained by Friedland in [9], it
follows that there always exists a matrix of the form (1) with prescribed
characteristic polynomial. In [9] the author described the list of the
eigenvalues of a matrix of the form

a1 0 Jp
: S 3)

an1 An,n

over an algebraically closed field, when all n? — n nonprincipal entries
are prescribed.

Theorem 11 [9]. Let F be an algebraically closed field. Let cq, ...,c,

e F and (i, /1), - (inz ,jnz_n) be distinct elements of {1, ..., n}x

-n

{1, .., n}, such that iy # j;,lefl,..,n?>—n). Let b, ; e F,lefl, ..

1> J1
n? - n}. Then there exists a matrix of the form (3) with eigenvalues

€1y oy Cp SUCh that a; j = b lefl, .. n%-n.

UK

Oliveira in [21] established a result when the partitioned matrix (1)

has all its blocks (4; ;, i, j € {1, 2}) with the the same size, i.e., p = q.

2J
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Theorem 12 [21]. Let F be an arbitrary field. Let A, o € FP*? and

Ay, € FT*P. Suppose that p = q. Let ¢y, ..., ¢, € F. Let f(x) € F[x] be

a monic polynomial of degree n such that

flx) = glx)(x =) (x = cp),
where g(x) € F[x]. Then there exist A; 1 € FP*P Ay 9 € FT*9 such that
the matrix of the form (1) has characteristic polynomial f(x).

Later, Silva in [25] improved the previous result, removing the

condition p = q. Nevertheless the author still considered a special

factorization of the polynomial f(x).

Remark 3 [25]. If p = ¢ =1, the answer of the problem is simple.
Assuming that A; o = [b] and Ay, =[c], and f(x) = x? +dx + e, there

.

has characteristic polynomial f(x) if and only if the equation x2 +dx +

exist u, v € F such that

bc+e =0 hasarootin F.

It is also obvious that if A; g =0 or Ay; =0, then there exist
Ay € FP*P Ay 9 € F7"7 such that the matrix of the form (1) has
characteristic polynomial f(x) if and only if f(x) has a divisor of degree
D.

Theorem 13 [25]. Let F be an arbitrary field. Let A, o € FP*? and
Agq1 € FTP. Suppose that p>q,p+q >2. Let ¢,..,cy, € F. Let
f(x) € F[x] be a monic polynomial such that

flx) = g(x)h(x)(x - c1) - (x = cq),

where g(x), h(x) € F[x], deg(g(x)) = q and deg(h(x)) = p — q. Then there
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exist Ay 1 € FP*P, Ay 9 € FTY such that the matrix of the form (1) has

characteristic polynomial f(x).

From this result, Silva still obtained the complete answer for the

prescription of the eigenvalues of (1), for the same prescription of blocks.
Corollary 14 [25]. Let F be an arbitrary field and let cq, ...,, ¢, € F.

Let A9 e FP*? and Agq € FT"P. Then there exist matrices

Ajq € FP*P . Ay 9 € FT9 such that the matrix of the form (1) has

eigenvalues cy, ..., ¢, if and only if one of the following conditions is

satisfied:
@ p#1orq=l.
(1) p = g =1, and the equation
x2 4 (c; +cg)x +be+cpeg =0
has a root in F, where Ay o = [b] and Ay = [c].

In [17] Marques and Silva established new sufficient conditions for
the existence of a matrix of the form (1) with characteristic polynomial
f(x) and prescribed blocks A; 3 and Ay ;.

In the next Theorem, the authors identified the solution for the case

where the prescribed blocks are a row and a column matrix, i.e., p =1 or

g = 1. Without loss of generality, assume that q = 1.

Theorem 15 [17]. Let F be an arbitrary field and let f(x) € F[x] be a
monic polynomial of degree n. Let A; 9 € FP*1 and Ay, € FU*P. If
q =1, then there exist matrices Ay, € FP*P and Agy =la],a € F,
such that the matrix of the form (1) has characteristic polynomial f(x).

In the following result, the authors studied the general case where p,

q are arbitrary and f(x) may not have roots in F. Nevertheless, they still

considered a factorization of the polynomial f(x).
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Theorem 16 [17]. Let F be an arbitrary field. Let A, o € FP*? and
Ag 1 € FUP. Let f(x) e Flx] be a monic polynomial of degree n such
that f(x) = fi(x)fs(x), where fi(x) has degree p. Let

t = max{rank A o, rank Ag;}.

If one of the following conditions is satisfied, then there exist A;; €
FP*P Ay 9 e FT"7  such that the matrix of the form (1) has
characteristic polynomial f(x) :

(@)t >1,

b)t=1and p # q,

(c) t =1, and one of the polynomials fi(x) or fo(x) is reducible.

Note that Corollary 14, established by Silva in [25], can be obtained
as a consequence of this theorem.

Notice that if none of the previous conditions (a) - (c) holds, it is not
always true that there exist matrices A;; € FP*P and Ay o € FT
such that (1) has characteristic polynomial f(x). For example [17], if

F={0,1,p=q¢=2fx)=x*+x2+1=(a2+x+1)(x® +x +1), and

0 0 0 0
Ay o = Ay = ,
1.2 L 0} 21 [0 1}

it can be seen with direct calculus that there exist no matrices A;; €
FP*P and Ag g e F7*9, such that (1) has characteristic polynomial
f(x).

Problem (Pg) has only a partial solution due to work developed by
Silva in [27].

Theorem 17 [27]. Let F be an arbitrary field. Let Ay, e FP*P,

Ay g € FP*, Ay g € FT7 and let ¢y, ..., ¢, € F. Let fi(x)]--|f,(x) be
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the invariant factors of (2) and let g(x)|---|g4(x) be the invariant factors

of
.’XIIq - A2’2 ’
Then there exists Agq € F7P such that the matrix of the form (1) has

eigenvalues cq, ..., ¢, if and only if the following conditions are satisfied:

(a) tr Al,l + tr A2,2 =C +-+cCy.

(b) flx)fplx)gr(x) - gq(x)(x =) (x = cp).

(c) One of the following conditions is satisfied:

(Cl) Forall v F, A1’1A1,2 + A1,2A2,2 * VA1,2.

(cg) If there exists v € F, such that A A; 9 + Ay Ay 9 = VA; 5,
then there exists a permutation c of {1, ..., n} such that

Co(2i-1) T Co(2i) = V>

forall i € {1, ..., r}, where r = rank A; 9 and

Co(2r+1) s Co(n)
are roots of fi(x)--- f(x)g1(x)--- g4 (x).

It i1s clear that this result is a complete answer for algebraically
closed fields and describes completely the possible eigenvalues of (1), for

the prescription of A4; ;, A; 9 and Ay .

Concerning problem (P;) we do not know any reference with
nontrivial results. Clearly, if A9 =0 or Ag; =0, then there exists
Ag g € FT9 such that the matrix of the form (1) has characteristic
polynomial f(x) if and only if the characteristic polynomial of A
divides f(x).

A natural question that arises is the following: What happens if we

consider an n x n matrix partitioned into k x & blocks, instead of 2 x 2
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blocks? We had already considered this problem for special cases in [2].
Our results can be also found in [5, 6, 7]. Let F be an arbitrary field. Let
n, k, py, ..., pp be positive integers such that n = p; +--- + pp. Let

Cl 1 Cl,k

c=| . e P (4)
Cr o Cpp

Firstly, assume that all the blocks C; j are of the same size. In [6], we

showed that given an n x n matrix of the form (4) partitioned into k x &
blocks of the same size p x p, with entries in an arbitrary field F, it is
always possible to prescribe 2k —3 blocks of the matrix and the
eigenvalues in F, except if, either all the principal blocks are prescribed,
or all the blocks of one row or column are prescribed. In these exceptional
cases, we identify necessary and sufficient conditions for which it is
possible to prescribe 2k — 3 blocks of the matrix and the eigenvalues in

F. Our results are the following.

Let F be an arbitrary field. Let %, p be positive integers and n = kp.

Let (r, 81), ..., (ro5_3, Sgp_3) be distinct elements of {1, ..., &} x {1, ..., k}.
Let A, € FP*P i e{l,.. 2k-3}. Let ¢, ..., ¢, € F.

We start by studying the exceptional cases. In the following result we
describe the eigenvalues of a matrix of the form (4), when all the blocks of
one row or column are prescribed. Since simple similarity
transformations, like simultaneous permutations of rows and columns or
transposition, do not alter the eigenvalues of the matrix, we can assume,
without loss of generality, that all the blocks of the first row are

prescribed.

Theorem 18 [6]. Suppose that all the blocks of the first row are
prescribed. Let fi(x)|---|f,(x) be the invariant factors of

[xI, - A1 —Aj g — Al

There exists a matrix of the form (4), where the blocks C; ; are of size
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D x p, with eigenvalues cq, ..., ¢;,, such that Cri’si = A'"iysi’ iefl, .. 2k

-3}, if and only if
fi(x) fp () (x = ep) - (x = cp).

In the following theorem we study the case where all the principal

blocks are prescribed.

Theorem 19 [6]. Suppose that all the principal blocks are prescribed.
Then there exists a matrix of the form (4), where the blocks C; ; are of size

pxp with eigenvalues ¢, .. c,, such that C’"i,si :Ari,si’ I €

{1, ..., 2k — 3}, if and only if

k n
Z tr Ai,i = Z Cj.

i1 =1
Finally, we establish a result that shows that it is always possible to
prescribe 2k —3 blocks of the matrix, simultaneously with the

eigenvalues, except in the previous cases.

Theorem 20 [6]. Suppose that at least one principal block is free and
at least one block in each row and each column is free. Then there exists a

matrix of the form (4), where the blocks C; ; are of size px p, with

i,J

eigenvalues cy, ..., ¢y, such that C, o = A, o, 1€ {1, ..., 2k - 3}.

Note that for p = 1, our answer generalizes the result established by

Hershkowitz in [11].

Notice that the number 2k — 3 cannot be increased without any
additional condition. For example, given a matrix of the form (4), from
the interlacing inequalities for the invariant factors [24, 29], it follows
that some of the roots of the invariant factors of

—C1,9 -Ci3 - Cpyp
xl,-Cy9 —Cg3 -+ —Cyy

are eigenvalues of (4).
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Still considering all the blocks C of the same size, in [5] we

i,j
described the possible characteristic polynomials of a matrix of the form
(4) partitioned into %k x k blocks of the same size p x p, when some of the

blocks are prescribed and the others vary. Our answer shows that it is
always possible to prescribe %k —1 blocks of the matrix and the
characteristic polynomial, except in an exceptional case. In this
exceptional case, we identify a necessary and sufficient condition under
which the problem has solution.

Let k, p be positive integers and n = kp. Let (1, s1), ..., ("h—_1, Sp_1)
be distinct elements of {1, .., kfx{l, .., k}. Let A, . e FPP ic

{1, ..., k —1}. Let f(x) € F[x] be a monic polynomial of degree n.

Theorem 21 [5]. Consider the following exceptional case:
(E) All the k —1 nonprincipal blocks of one row or column of (4) are

prescribed equal to 0.

If (E) holds, then there exists a matrix of the form (4), with
characteristic polynomial f(x) and C,, o = A, o, i€ {1, ..., k -1}, if and

only if f(x) has a divisor of degree p.

If (E) is not satisfied, then there exists a nonderogatory matrix of the

form (4), with characteristic polynomial f(x) and Croo =Ap s i€

A, k-1

Note that for p = 1, we obtain the result established by Dias da Silva
in [8].

When we consider the more general problem, where the blocks are
not necessarily with the same size, the situation becomes more difficult.
In fact if the prescribed positions correspond to “large” submatrices, then
there are necessary interlacing inequalities involving invariant factors
[24, 29]. We are not able to prove the sufficiency of these conditions. In
the next result we study a particular situation: we describe the possible

eigenvalues of a matrix of the form (4), where the blocks C; i, ..., Cy p,



RECENT PROGRESS ON MATRIX COMPLETION PROBLEMS 85

are square, not necessarily with the same size, when a diagonal of blocks

1s prescribed.
Theorem 22 [7]. Let n, k, pq, ..., pj, be positive integers such that

k>3 and n=p; +-+pp, let o be a permutation of {1, ..., k}, let
A o) € FPPPo0) - for every i e{l, .., k}, and let ¢, ...c, € F. Then
there exists a matrix of the form (4) with eigenvalues cq, ..., ¢,,, such that
Ci,oi) = Ai o), for every ie{l, .., k}, if and only if the following
conditions are satisfied:

(@) If o is the identity, then tr (Ay 1 + -+ Ap ) = ¢| + -+ Cp;

(b) If there exists i€ {l,.., k} such that o(i)=1i, p; >n/2 and

filx)] - |fpi (x) are the invariant polynomials of A; ;, then

fl(x) f2pi—n(x)| (x - Cl)"' (x - Cn)'

Note that we present the solution for £ > 3, since the case £ = 2 had
already been studied by Silva. In [26] the author gave the complete
answer if the main diagonal is prescribed (see Theorem 10), and in [25]
Silva also presented the complete solution, when the nonprincipal
diagonal is prescribed (see Corollary 14).

Our main goal is to describe the possible eigenvalues or the
characteristic polynomial of (4), when we consider k prescribed blocks
arbitrarily positioned. As we had already observed, if the prescribed
positions correspond to “large” submatrices, there are necessary
interlacing inequalities involving the invariant factors [24, 29]. The proof
of the sufficiency of these conditions can be very hard. This general

problem is still open. We start by studying case k& = 3, to give us an idea

for the more general question.

Let F be an arbitrary field. Let n, p;, pg, p3 be positive integers
such that n = p; + py + pg and let

G G2 C3

C=|Cyy Cgy Cygz|eF™, (5)

C31 Cz2 Cs3
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be a partitioned matrix where C; ; € FPPi i e {1, 2, 3}. Our aim is

to describe the possible eigenvalues of (5), when some of its blocks are
prescribed and the others are free. Clearly, we obtain many cases,
according to the different positions of the prescribed blocks. We split our
answer in different results, according to the location of the prescribed
blocks.

Theorem 23 [3]. Let c¢,..,c, € F. Let C; 45 e FPUVP2 C 5 €
FPUP3 agnd Cyqy e FP2PL. Then there exist Cpq e FPU'PL Cy 4 e
FP2><172, 02,3 c FPZXPS, CS,I c FP3XP1, CS, 9 € FP3XP2, CS, 3 € FP3*P3
such that the matrix of the form (5) has eigenvalues cq, ..., c,,.

Theorem 24 [4]. Let ¢, ..,c, € F. Let C;q e FPVPL (5 e

FPUP2 Cy g e FP3"P3. Let o4 |, be the invariant factors of

[xIp, —Cr,1 -Cy el (6)

and let By|--|Bp, be the invariant polynomials of Csg. Consider the

following conditions:

@ If p1 > p3, then oy oy _po (& —cp)- (2 —cp);

(b) If p3 > p1 t+ Dg; then Bl ”'Bp3—p1—p2 |(x _cl)'”(x _cn)'

. X X X
Then there exist C; 3 € FPUP3 Cyq e FP2XPL Cy o e FP2¥P2 (g 4

e FP2*P3 Cq 1 e FP3"PL Cy o e FP3"P2 such that the matrix of the
form (5) has eigenvalues cq, ..., ¢, if and only if either (a) or (b) is

satisfied.
Theorem 25 [1]. Let Cly .oy Cp € F. Let Cl,l € FplXpl, 01,2 €
FPrP2 Cy g e FP2P3 . Let aq] - |ap, be the invariant factors of (6).

Then there exist Cy3 e FPUP3 Cyq e FP2PL Cy g e FPPP2 Cqq e
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FPPL Cg 9 € FPP2 Cq 3 € FP¥"P3 sych that the matrix of the form

(5) has eigenvalues cq, ..., ¢, if and only if
Q1 Qp; —pg |(x - Cl)"' (x - Cn)-
(Make convention that oy -+ o, _p, =1 if py < p3).

Now suppose that the blocks C; 1, C; 9, C3 1 are prescribed and the

others are free. According to the type of conditions that appear in the
studied cases (k = 2, k > 3), it seems natural to think that the solution

of this problem is the following.
Let ay|---|a,, be the invariant factors of (6) and let By|--- B, be the

invariant factors of
xI, —C
{ ; 1’1}. @

Then there exist Cjg3 e FPUP3 Cyq e FPPPL Cy o e FP2P2 Cy 4

e FP2P3 (O35 e FP3"P2 (3 5 e FP3"P3such that the matrix of the

form (5) has eigenvalues ¢, ..., ¢,, if and only if
oLl"'ocpl—pgﬁl"'Bpl—pg|(x_cl)"'(x_cn)‘ )

(With the convention that ay - =1 1if p; < pg and B; -

Op1-p3 " Bp-pg
=1if p; < py).

Curiously, condition (8) is not necessary. It is not hard to find

counterexamples. For example, suppose that p; =6, py = p3 =1 and
C1=1C9=0c¢ F51, C31=0¢ FY® and suppose that there
exist C1,3 € Fplng, CQ,l € FPZXpl, CQ,Z € FpQsz, 02,3 € Fp2><p3, C372
e FP3¥P2 (C3 3 € FP3"P3 guch that the matrix of the form (5) has

eigenvalues cp, ..., ¢,. Clearly, the invariant polynomials of C;; are

y1 = =vg = x —1. Consequently, the invariant factors of (6) are
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oy = =0g =x —1. It is also clear that the invariant factors of (7) are

By = -+ = Bg = x — 1. In this case, condition (8) means that:

ap raspy By = (@~ 1) (6 —ep) o (x - ep),

which is impossible. Therefore, condition (8) is not necessary. It remains

open if this condition is sufficient.
4. Concluding Remarks

The general problem of describing the possible eigenvalues or the
characteristic polynomial of a matrix of the form (4) when %k > 3, and
some of its blocks are prescribed and the remaining are unknown, is still
open. We start by establishing some results when all the blocks are of the
same size. Concerning the more general case, where the blocks are not
necessarily of the same size, we present a solution in a particular
situation: when a diagonal of blocks is prescribed.

Our main goal of describing the possible eigenvalues or the
characteristic polynomial of (4), when k prescribed blocks are arbitrarily
positioned, is still open. In order to give some ideas for this general
question, we provide some answers for the case & = 3. Notice that when
the prescribed positions correspond to “large” submatrices, there are
necessary interlacing inequalities involving invariant factors [24, 29].
The technique used to prove these inequalities can be very hard. This
type of condition is the main hindrance in these problems. However, as
the studied cases show, these conditions cannot be avoided .

In particular, the description of the eigenvalues or the characteristic
polynomial of a matrix of the form (5), when C;;, C; g, C3; are

prescribed, is still open. In this paper we show that condition (8) is not
necessary. We believe that the solution for this problem will contemplate
another condition involving the invariant factors of (6) and the invariant
factors of (7). At this moment, this problem is not yet solved. Note that
the solution for this case, will include the solution of Problem (P;)

mentioned in Section 3, which is the most difficult problem for the case
k = 2. Notice that after more than 30 years, this problem remains

without solution. For this case, only trivial results are known.
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